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Intro & results

Multiple zeta values

Definition (MZV's)

For integers k1,...,kq_1 > 1, with kg > 2,

1
C(k17"'7kd) = Z k k k
0<mi<mo<---<mgyg m11m22 e mdd
m Weight is k1 + -+ - + ky,
m Depth is d,
m Height is #{i | k; > 1}.
Can extend and generalise in many ways:
m Non-strict inequalities ® Signs in summand m Parity in summation indices
(=interpolated MZV's) (=alternating MZV's) (=multiple t values)



Intro & results
Interpolated MZV's

Allow equalities between summation indices, and introduce a weighting

Definition (interpolated MZV's)

For integers kl? B kd—l > 1, with kd > 2,
C’"(kfla aaog k‘d) = Z T#{i|mi:mi+1} o k: g
0<mi<ma<---<my mymg” - md

m 7 = 0 gives classical MZV's ((k1, ..., kq)
m 7 = 1 gives multiple zeta star values (*(k1,...,kq)

m 7 = 12 is a mid-way between ¢ and (*
Can expand via classical MZV's

¢"(a,b,¢) = ((a,b,c) +rl(a+b,c)+rl(a,b+c)+r*Cla+b+c).



Intro & results
Alternating MZV's

For indices &, allow characters (—1)", depending on sgn(k) = 1 and sgn(k) = —1

Definition (alternating MZV's)

For integers (possibly barred) (k_l), ey (k_d) € Z~oUZsq, with kg # 1 (but T permitted)

(—)
(ks kq) = 3 ilmi=mi ) s80(k)™ - - sgn(kq
k) = Vi L
0<mi<mao<---<mg m11m22 000 mdd

Bars cancel: ¢"(a@,b,c) = ((@,b,c) +r{(a+b,c)+ri(ab+c)+r*Cla+b+c).

oo (=D"

New objects in weight 1 and beyond: ((1) = >_02; “—— = —log(2)
Sometimes still expressible via classical MZV's:
o 1, 1, 1023
= —— 1,1,1,1,1,1,1,3,2) + —— 1,2 - —
(3.9) = g (L L L1, 1,1,8,2) + 0 CP(1,2)(9) — 1oaa(3,9)



Intro & results

Galois descents

Expressing alternating MZV's via classical MZV's is a Galois descent.

Theorem (Glanois, 2016)

Recursive combinatorial criterion using motivic coproduct, to detect Galois descents

The following descend to classical MZV's
m ((od,od) and ((ev,ev) m ((ev,od,od), and permutations

m ((ev,od,od,ev) m...

Theorem (Glanois, 2016)

The following descend to classical MZV's via the motivic criterion

Cl/z(kla °0o0g kd)a ki € {Wv Od}

Explicit formula for the descent previously given by Zhao.



Intro & results
Zhao's generalised two-one formula

kl k2 kd
Assume kg > 2, set A\(k1,...,kq) = (1,0,...,0,1,0,...,0,...,1,0,...,0).

For a; € {0,1},a1 = 1,a; = 0, write 5(ay,...,ax) for the lengths obtained after

splitting (aq, ..., ak, 1) into blocks whenever a; = a;41:
3 3 1 3 11 2
N NN AN AN AN AN
BoA?2,3,4,5) = 5(¥,0,1,0/0,1,0/70°10,1,0]70 |70 |0,[1]) = (3,3,1,3,1,1,2).
=bl removed inserted

Set ¢ 2(ky, ..., kq) =24 (k1, ... kq) and B(ky, ..., kq) to add bars to even indices.
Theorem (Zhao, 2016, plus rephrasing)

For any k1, ..., kq, with kg > 2,

51/2(B(b1(k1, A ,kd))) = Eklc*(kly ey kd) , with €k, = {_

—_

Cifk =1
1, ifky > 1.

Example: ¢ 2(3,3,1,3,1,1,2) = (*(2,3,4,5)



Intro & results

Multiple ¢t values

Definition (MtV's)
For integers ki,...,kq_1 > 1, with kg > 2,

tkr, ... k) = 3 ﬁ _ )y (1—(—1)m1).].€. (1—(;3)%)

2. d ok ke
0<my<ma<--<mgq 41 M2 Mg"  ocmi<mac<mg 20 M1 My mg
m; odd

M¢tV's are easily expressed via alternating MZV's, but very surprising result:
Theorem (Murakami, 2022)
When the height is maximal, i.e. all k; > 2

t(ky,. .., kq)

descends to classical MZV's via Glanois’ motivic criterion.



Intro & results
Main results

Write
CPky, .. k) = 29CP (K, . k), Tk, ... kq) = 2Pt Fhag(ky k)

Theorem (C-Hoffman-Sato, 2026+)

For integers k1, . ..,kq > 2, we have the following

d
— (P (bl(kq, ... k1) =D (=Dt (kr, ... ki) (kg - K1)
1=0
and
d
z(kla et kd) = C(klv cc kd) + Z(_l)i_1C(ki+17 trt kd) 51/2(b1(k’w R kl)) .
=1

Latter explicitly gives Murakami's Galois descent for MtV's of maximal height.



Intro & results
Interlude: Formulas are equivalent

First formula gives system:

[ —C~(bl(ka, ... k1)) ] (1 ¢*(kq) (kg kgo1) - C*(kay..., k1) T (—1)4E (k... kg) ]
—CP(bl(kg_1, .. k1)) 1 Flkao1) o kot k) || (D) T (e, kg 1)
. = 1 .
= CR(bl(k1)) ¢* (k1) — (k1)
L 1 1 Lo 1 1L i
The stuffle antipode 3% o (—1)%C(k1, . .., k) (kg - - -, kit1) = O implies:
(1 ¢*(ka) ¢*(kaska—1) -+ ¢*(kgy--- k1) ] ! (=1 ¢(kq) (=1)%C(kg—1,ka) -+ (=1 (k1,...,ka)
1 Ct(ka—1) -+ ¢ (ka—1,---,k1) 1 (-1)¢(ka—1) - (=D (R, ka—1)
1 : = 1 :
¢* (k1) (=1)'¢(k1)
Lo 1 | Lo 1

Solving for ¢ gives second formula

/21
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Applications & examples

Case (k1,...,kq) =(2,...,2,3,2,...,2)

—N—  — —
Have bl(2,...,2,3,2,....2) = (2p+ 1,2¢ + 2), and bl(2, ..., 2) = (2p).

£({21%,3,{2}") = ({2}“ 3,{2}") +Z ) ({237 3, {230) ¢ 12 (2i)
+Z 1)*H¢( {2}*’ NCP(2) +1,2a+2)

m MZV parity implies ¢(72(od, ev) is a polynomial in Riemann zeta values.

m Zagier evaluated ((2,...,2,3,2,...,2) via Riemann zeta values.

m Alternatively ¢*({2}2,3, {2}°) = 1/2(2a + 1,2b + 2) and use the stuffle antipode.
Without hypergeometric functions recover
Theorem (Murakami, 2022)

Evaluation for t(2,...,2,3,2,...,2) via Riemann zeta values.



For a > 3,b > 1, have bl({a}b) = (1’ {{1}‘1_3’ 3}17—17 {1}&—3’ 2)

b

¢ {1y 3 {137, 2) = D (=) E({a} )¢ (fa}" )

1=0

= By stuffle product ¢*({a}'), #({a}") € QI¢(a),¢(2a),¢(3a), ..., ¢(ia)]
Theorem (C—Hoffman—Sato, 2026+ )
Generally

CP {172,317 {11973, 2) € QI¢(a), ¢(20),¢(30), - - -, (ab)]
If a = 2¢ even
51/2(1’ {{1}20—3,3}b—1’ {1}20—37 2) e QTF%C

10/21



Applications & examples

Case (k1,...,kq) = (2,n+ 2)

Have bl(n +2,2) = ({1}",4)

ER ) = - L4 2,2) + L) (D)~ 8t2in +2)

m C—Keilthy 2022: evaluation of t(ev,ev) via double zeta values

Theorem (C—Hoffman—Sato, 2026+)

1 =0 oy 2 7
CHY ) = Y (i) + B2 D gy,
e

Similar result for ¢/*(3, {1171, 2) via (k1,...,kq) = (n +2,2).

11/21
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Beta integrals and proof

Iterated integrals

Differential 1-forms wy,...,w, on a smooth manifold M can be integrated along a
path v: [0,1] — M from a = v(0) to b = (1), by pulling back v*(w;) := fi(t)dt.
Write

L(a;wi, ... wn;b) = / FLt0)dty -+ fultn)din -
O<t1 < <tn<l

Well-known properties

m Shuffle-product I, (a;w1, ..., wr; )L (a;wrg1, .. wesb) = > Iy(a5We(1), - - - Wo(rts): b)
oceX(r,s)
n
m Composition of paths I g(a;wi,...,wn;b) = > In(a;wi, ... ,wi;b)Ig(b;wit1, ..., wn;c)
i=0

m Reversal of paths I,-1(bjw1,...,wy;a) = (—1)" [y (a; w1, ... ,wn;b)

For M =C\ {p1,...,px}, set

12 /21



Beta integrals and proof

Integral representation of MZV's

m For MZV's, by integrating term by term

k1, kq) = (1) L (Oser, et e ef> !, er, et 1)

m Extend to alternating MZV's using e41, eg

d
Clkry .- ka) = (=)L, (0;ecy b eey, bt .,ead,elgd_l; 1), &= 1/H sgn(k;)
j=i

m For interpolated, C(kla v ki kiv1, ..., k}d) and C(kl, vy ki kg, k‘d) combine,

as erep ™! becomes —regep ™. So
k-1 ka—1 kg—1
C"(k1y. .o kq) = (—l)dIW(O; e1,ey' T, (e1 —reg) e’ ..., (e1 —1ep),eq? 51).
In particular:

CP(k,. . kq) = (=1)9L,(0; 261, k171 (261 — eg), ek2 ™1, ... (21 — €p), et 1)

13/21



Beta integrals and proof

Integral representations of MtV's

m By writing MtV's via alternating MZV's, see

m ki—1 ko—1 kg—1
t(ki, ... kq) = Z 5d il (05,60t s eny, et e et 1)
7]16{:‘:1}

m Since e1(t) +e_1(t) = ftftl e1(t) —e—1(t) = %7 get

— kqg—1
t(klr-wkd)_( )dI (07 tgdt17 gl 17t22ti1tl:e(]§2 17"'7t22ti1t1760d 71)

m Convenient to set t = /s, so

holomorphic at s = 1

tdt  ds _} () %_E_l (s) dt _1 (s) - ds
21 2(s—1) 2 T T T 2%V Ty T T o R s 1)

Obtain formula for rescaled MtV's
{(k17 s kd) = (_l)dl’Y(O; (61— \/g(c\l/sg+1)) 6751 ! ) €1, 6182 ) ) €1, egd 17 1) :

14 /21



Beta integrals and proof

Hirose—Sato iterated beta integrals

Recall: . P (1))
_ sl z2
B(z, # :/tzll—tZ2 e = 2222
(21, 22) 0 ( ) (21 + 22)
|7y _ dt :
Write la’ﬂl (t) = C— 2ot =) and define
xo | Tno1 | 0, T T1,T Tp_1,T
ny,f( 0| 71 n—1 n>:17(x0;l0 1][1 2]".[n1 n]’mn)
Qo | a1 Qp—1 | Qp Qp, Q1 | |1, 2 On—1,0np

m Variants va"x’ with integration to infinity

m Incomplete version Bf’°(p; ...) starting integration at p # x¢

15/21



Beta integrals and proof

Translation invariance of iterated beta integrals

Define a normalised version of Bf/"

Igﬁo To | T1 Tn_1 | Tn
Bh (300 x1 Tn—1 ib‘n),_ v \ao | a1 an_1 | an
v ap | o Qp—1 | Qp Bﬂo zo | Tn :
Y ) Qn

Theorem (Translation invariance, Hirose-Sato, 2026)

For any c € C, and e € {f, 00}, the following translation invariance holds

~f.o [T T ~f e x
By 0 n ::B7 0
Qp Oy, g + ¢

I Tn—1 x1

a1 +c¢

' Tn—1
Qp—1+¢C

B )
Qaj Qp—1 Qp + ¢

16 /21



Beta integrals and proof

Towards ¢ 72 via iterated beta integrals

m For k; > 2, have bl(ky,...,kq) = (41,02,...,0—1,L,), with £1,...,0,_1 odd, ¢, even,
as

(k1y. . kg) = ({2190, 2+ by, {2}, 24+ by, ., 24 b, {2}%), @i > 0,b; > 1

m For (2, set t = s~! and apply path reversal

CP(lr, . b)) = (—1)"I(052e1, e, (2e1 — e0), 2, .., (261 — €q),ef 5 1)

:I(l;eéT 1,(261 —eg), egr = 1, s (2eq —eo),e€1_1,2(61 —ep);00) .

m Key step: write

Then

51/2(517~-~7f ) =1I(1; f10(f01f10) foo . (f01f10) “ foo(f01f10) E (foo fo,1);00) .
This encodes the alternating 0, 1 in first index of f

17 /21



Beta integrals and proof

Key Proposition

Let k > 2, and set w(t) = %. For a general sequence ay,as, ..., ay, a) € {0,1},

we have
I(1; f1,a15 fay a5 Jassasr 5 Jap_asan_1> (fap_1,00 — fakfl,aﬁc% 0)

1
= —;I(O;w,eal, €ags " »€ap_ys (Cap — 6“2); —00) .

Set u = (Wﬁ then

1/2:?/4 (u),  fralt) = {

1,1

foult = | o, Y

[, a0 = ot = 75 | ).

m Left hand side is (difference of) iterated beta integrals at parameter o« = 1/2
m Translation invariance reduces to av = 0

m Special value and classical evaluation B(/2,1/2) = 7 produces result
18/21



Beta integrals and proof

Final step

Ford>1, and k1, ...,kqg > 2, and w(t) = %
1
= gl(o;w,elél_l,el,egrl, o en, et (e — eg); —00)
d
=S (=1 E (k... k) (kg - Kig) -
1=0

Set u = +/t, obtain integral along positive imaginary axis

Homotopy path to positive real axis (indented upwards at 1)

Apply path decomposition into 3 pieces 0 — 1_ then 1_ — 14 and 1, — o0
m Path 1_ — 1, contributes im exactly for length 1 integrals

First path contributes ¢, third path contributes ¢*

19/21



Beta integrals and proof

Future directions

m Our formula does not yet explain all Galois descents of MtV's. E.g.

(Xu-Zhao) t(2a,1,b) ,b > 1 descends to classical MZV's,
(©) t({2}%,1,{21%,2n + 1,{2}°)  descends to classical MZV's

m Had some previous conjectures and formulas when k; = 1 allowed
(involves more complicated mixed multiple value type objects, very ad-hoc)

m Allow k; =1 in MtV's, generalise 61/2 o bl, or

m remove (od,...,od,ev) restriction in 51/2, generalise t?
m Extensions to higher level and different interpolated ("?

m Any variant applicable to Xu-Yan—Zhao's conjecture that all MTV are MSV's?

20/21



Beta integrals and proof
Summary

m Formula relating ¢, (™), ¢? o bl

d

(%) —CP(lkg, ... k1) = D (=D T (k. ki) (K- Kig)
=0

Explicit Galois descent of maximal height MtV's

Various evaluations
B H(2,,2,3,2,0,2), CR(L{{1}0 8101 {110, 2), C(1, .., 1, 4)

Integral representations for MZV's, and MtV's

Properties iterated beta integrals

m Proof of () using iterated beta integrals
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