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Multiple zeta values Modular Forms

Definition (Multiple zeta value)

ζ(k1, . . . , kd) =
∑

1≤n1<···<nd

1
nk1

1 · · ·n
kd

d

Multivariable version of ζ(s)

Transcendence questions ζ(3)
?
∈ Q?

Many relations and structures

ζ(1, 2) = ζ(3) , ζ(1, 3) = 1
4ζ(4) , . . .

Connections to physics, knot theory, . . .

For more: see Rosa’s talk!

Definition (Modular Form, weight k)
Function f : H B {τ ∈ C | Im(τ) > 0} → C
which is

holomorphic on H � bounded at i∞
f
(
aτ+b
cτ+d

)
= (cτ + d)kf(τ),

(
a b
c d

)
∈ SL2(Z)

Example (Modular discriminant, Ramanujan tau)

∆(τ)=q

∞∏
n=1

(1−qn)24 = q − 24q2 + 252q3 + · · ·

where q = exp(2πiτ)

Constructions via “arithmetic” information
Finite dimensional space for each k,
implies ‘interesting’/‘non-trivial’ identities
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Pictures Period polynomial relations

Figure: Plot of Re ∆(τ), as a function of q = exp(2πiτ)
Created by Linas Vepstas, CC BY-SA 3.0, source:
https://commons.wikimedia.org/wiki/File:
Discriminant_real_part.jpeg

Theorem (Gangl-Kaneko-Zagier, 2006)
A cusp form f of weight k (modular with f(i∞) = 0)
gives a relation on double zeta values ζ(j, k − j).
Explicit description via “period polynomials”

pf (X,Y ) ∝
∫ i∞

0 f(t)Y 2k−2(X/Y − t)2k−2dt

Relation from ∆ = q
∏∞
n=1(1−qn)24

p∆(X,Y ) = −X8Y 2 + 3X6Y 4−3X4Y 6 +X2Y 8

p∆(X+Y,X)ev,ev = −28X6Y 4 − 25X4Y 6 −X2Y 8

Relation:
−28 · 6! 4! ζ(7, 5)− 25 · 4! 6! ζ(5, 7)− 2! 8! ζ(3, 9)

∈ Qζ(12)

Theorem (C-Keilthy, 2024, arXiv:2210.03616)
Modular relations for ζ(2, . . . , 2, 4, 2, . . . , 2), and
new viewpoint from “block relations”
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