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Multiple zeta values Period polynomial relations Block relations

Multiple zeta values (MZV’s)
Definition
The multiple zeta value ζ(k1, k2, . . . , kd) is defined by

ζ(k1, k2, . . . , kd) =
∑

1≤n1<n2<···<nd

1
nk1

1 nk2
2 · · ·n

kd

d

Non-trivial multivariable version of ζ(s)

Appears in number theory, high-energy physics, differential geometry, . . .
Many relations, intricate algebraic structures

ζ(1, 2) = ζ(3) , ζ(1, 3, 1, 3) = 1
5ζ(2, 2, 2, 2) , ζ(1, 4) + ζ(2, 3) + ζ(3, 2) = ζ(5)

2ζ(3, 3, 2, 2, 2)− ζ(3, 2, 2, 2, 1, 2) = −ζ(2, 2, 2, 2, 2, 2) , . . .

Task: Understand all relations, find bases, prove irrationality results
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Example: showing MZV relations
Multiply ζ(2)ζ(2) as series

ζ(2)ζ(2) =
∞∑

n,m=1

1
n2m2 =

( ∑
n<m

+
∑
n=m

+
∑
n>m

)
1

n2m2 = ζ(2, 2) + ζ(2 + 2) + ζ(2, 2) = 2ζ(2, 2) + ζ(4)

Multiply ζ(2)ζ(2) as integrals, ζ(2) =
∫

0<t1<t2<1

dt1
1− t1

dt2
t2

ζ(2)ζ(2) =
∫

0<t1<t2<1
0<s1<s2<1

dt1
1− t1

dt2
t2

ds1

1− s1

ds2

s2

= 2 ·
∫

0<t1<t2<s1<s2<1

dt1
1− t1

dt2
t2

ds1

1− s1

ds2

s2
+ 4 ·

∫
0<t1<s1<t2<s2<1

dt1
1− t1

ds1

1− s1

dt2
t2

ds2

s2

= 2ζ(2, 2) + 4ζ(1, 3)

Conclude 4ζ(1, 3) = ζ(4) = π4

90 , so ζ(1, 3) = π4

360
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Reminder: modular forms (highly symmetric, arithmetic functions)
Upper half-plane is H = {z ∈ C | Im(z) > 0}

Definition
Function f : H→ C is a modular form of weight k for SL2(Z) if

f is holomorphic on H,
f remains bounded near i∞

f
(aτ + b

cτ + d

)
= (cτ + d)kf(τ), for all

(
a b
c d

)
∈ SL2(Z), (meaning f(τ + 1) = f(τ))

Moreover f is a cusp form if f(i∞) = 0 also.

Example (weight 12 cusp form)

∆(τ) = q

∞∏
n=1

(1− qn) = q − 24q2 + 252q3 − 1472q4 + · · · , where q = exp(2πiτ)

Cusp form has period polynomial Pf (X,Y ) =
∫ i∞

0
f(t)Y 2k−2(X/Y − t)2k−2dt
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Unexpected: Period polynomial relations
Theorem (Gangl-Kaneko-Zagier, 2006)
Given f weight w + 2 cusp form for SL2(Z), with (even) period polynomial Pf (X,Y ), define
ar by w∑

r=0
arX

rY w−r = Pf (X + Y,X) .

Then
w−2∑
r=0
even

arr! (w − r)! ζ(r + 1, w + 1− r)∈ Qζ(w + 2)

Essentially: P (X, Y ) ∈ Q[X, Y ],
homogenous, degree w, with

P (X, Y ) + P (−Y, X) = 0
P (X, Y ) + P (X − Y, X)

+ P (−Y, X − Y ) = 0

Weight 12: one degree 10 period polynomial

∆ ∈ S12(SL2(Z)) Pf (X,Y ) = −X8Y 2 + 3X6Y 4 − 3X4Y 6 +X2Y 8

Pf (X + Y,X) =�����−8X7Y 3 − 28X6Y 4 −����38X5Y 5 − 25X4Y 6 −����8X3Y 7 −X2Y 8

Relation: − 28 · 6! 4! ζ(7, 5)− 25 · 4! 6! ζ(5, 7)− 2! 8! ζ(3, 9) = −4! 5! · 5197
691 ζ(12)
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Block relations and ζ(2, . . . , 2, 4, 2, . . . , 2)
Theorem (C-Keilthy, 2024)
Modulo products of the form ζ(j)ζ(k),

n−a∑
i=a

ζ({2}i, 4, {2}n−i) = 4(−1)nζ(2a+ 1, 2n− 2a+ 3) .

So modular relations propagate to ζ(2, . . . , 2, 4, 2, . . . , 2).

Alternatively: Can ζ(2, . . . , 2, 4, 2, . . . , 2) relations explain the modular relations?

ζ(2, . . . , 2, 4, 2, . . . , 2) satisfies relations from a filtration-induced1 Lie coalgebra
� Dihedral symmetry � regularisation relations � differential equation

These relations imply the period polynomial relations

Future work: Investigate ζ(2, . . . , 2, 5, 2, . . . , 2) and triple zeta values, or beyond

1block filtration, see Keilthy’s thesis, and block decomposition, see C’s thesis
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