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Definitions and properties
Definition
The k-th polylogarithm is

Lik(x) B
∞∑
n=1

xn

nk
, |x| < 1 .

Multiple polylogarithm is a multi-variable version Lik1,...,kd
, using

∑
n1<···<nd

.

Generalises: Li1(x) = − log(1− x) =
∞∑
n=1

xn

n
.

Curious special values: Li2(1) = ζ(2) = π2

6 ; Li2(φ−2) = π2

15 − log2(φ) , φ = 1+
√

5
2

Plethora of functional equations: Li3(z) + Li3(1− z) + Li3
(
1− 1

z

)
= logarithms

Unexpected reductions of variables
(‘depth’)

: Li1,1(x, y) = Li2
(y(x−1)

1−y
)
− Li2

( y
y−1

)
− Li2(xy)
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Number theory
F a number field, e.g. Q, or Q( 3√2) = {a+ b

3√2 + c
3√2 2 | a, b, c ∈ Q}

Dedekind zeta function ζF (s) B
∑

a,0⊂OF

Norm(a)−s, e.g. ζQ(s) = ζ(s) =
∞∑
n=1

n−s

Contains important arithmetic information about F

Ress=1 ζF (s) = 2r1(2π)r2 · hF · RegF
wF ·

√
|DF |

RegF is expressed via logarithms of units in OF
Conjecture (Zagier)

Special values ζF (m), m = 2, 3, 4, . . . are expressible via Lim, with arguments in F
(giving ‘higher units’)

[I work on depth reductions of multiple polylogarithms, in this direction.]
3 / 5



High energy physics

Goal: Understand and analyse particle collision experiments
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RD

1
(q2

1 −m2
1) · · · (q2

n −m2
n)︸                              ︷︷                              ︸

rational function

From: arXiv:1708.09215 Repulsion of electrons Feynman integral
Feynman integrals:
Often expressible via
multiple polylogarithms

p1 p2

p3
= Im Li2(z)− log(zz̄) log 1− z

1− z̄ , zz̄ = p2
2/p

2
1
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Overview

Polylogarithms Number
Theory

Mixed Tate Motives

Periods

Special values of ζF (m)

High-energy
physics

Scattering amplitudes

Feynman diagrams

Form factors
Differential
geometry

Minimal surfaces

Area expansion

Lawson surfaces

Hyperbolic
geometry

Volumes of orthoschemes

Idea tetrahedra

Projective invariants

Arithmetic
geometry

p-adic polylogarithms

Coleman integration

Chabauty-Kim loci

Algebraic
geometry/
K-theory

Motivic cohomology

Regulator maps

Bloch groups
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