A Panorama of Polylogarithms

Steven Charlton

MPIM Postdoc Day
29 April 2025



Definitions and properties

The k-th polylogarithm is

oo
Generalises: Lij(z) = —log(l —z) = Z T

. . . 2
m Curious special values: Liy(1) =((2) = %; Lix(¢™%) = ”—5 log?(¢), ¢= 1+2‘/5
m Plethora of functional equations: Liz(z) + Lig(1 — 2) + Liz (1 — 1) = logarithms
1)

m Unexpected reductions of variables: Liy 1 (z,y) = Lip (Y=~ ylz=1) ) — Liz (%) — Liz(zy)

(‘depth’)



Number theory

m F a number field, e.g. Q, or Q(v/2) = {a+b\3/§+c%2 | a,b,c € Q}

m Dedekind zeta function (p(s Z Norm(a)™%, e.g. (a(s) Z n-
ax0COp

Contains important arithmetic information about F'
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Reg is expressed via logarithms of units in O

Conjecture (Zagier)

Special values (p(m), m = 2,3,4, ... are expressible via Li,,, with arguments in F’
(giving ‘higher units’)

[I work on depth reductions of multiple polylogarithms, in this direction.]



High energy physics

Goal: Understand and analyse particle collision experiments
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From: arXiv:1708.09215 Repulsion of electrons Feynman integral

Feynman integrals:

. . 1 b2 ]. -
Often expressible via Z — = Tm Lis(z) — log(22) log : z ’ 22 = pl/p?
b3

multiple polylogarithms -z




Overview
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