
Determinant formulae, Schur multiple zeta values,
Basso-Dixon integrals, . . .

Is the Lemma of Lindström, Gessel & Viennot useful?



Schur multiple zeta values

Definition
Definition by example, for any skew Young diagram λ/µ
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Simultaneous generalisation of

ζ
(

a1 · · ·an
)

= ζ?(a1, . . . , an) ζ

 a1

· · ·
an

 = ζ(a1, . . . , an)
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More formally (Young diagrams)

Partition of n is λ = (λ1, . . . , λh), with

n = λ1 + · · ·+ λr , λ1 ≥ λ2 ≥ · · · ≥ λr

For other partition µ = (µ1, . . . , µr), say µ ⊂ λ if

r ≤ h and µj < λj for j = 1, . . . , r

Skew Young diagram is

D(µ/λ) = {(i, j) ∈ Z2 | 1 ≤ i ≤ h, µi < j ≤ λi}

Visualised by, e.g.

D((6, 4, 3)/(3, 1)) =
(1,4) (1,5) (1,6)

(2,2) (2,3) (2,4) (2,5)

(3,1) (3,2) (3,3)
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Young tableau

Young tableau (ki,j) of shape λ/µ is collection ki,j ∈ Z>0 for (i, j) ∈ D(λ/µ), e.g.

5 2 4
1 1 1 17

17 2 3

Called semi-standard if mi,j < mi+1,j and mi,j ≤ mi,j+1, for all i, j

1 2 2
1 1 2 3

1 12 12

I.e. ≤ between entries in the same row and < between entries in the same column

Set of all tableaux of shape λ/µ is T(λ/µ)

Set of semi-standard young tableaux of shape λ/µ is SSYT(λ/µ)
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Schur MZV’s

Definition
For k ∈ T (λ, µ), the Schur MZV is defined by

ζ(k) =
∑

(mi,j)∈
SSYT(λ/µ))

∏
(i,j)∈
D(λ/µ)

1
m
ki,j
i,j

(Some condition: ki,j > 1 at bottom-right corners of λ/µ, necessary for convergence.)

Every Schur MZV is a linear combination of usual MZV’s

ζ

(
a

b c

)
=

∑
ma<

mb ≤ mc

1
m a
a m

b
b m

c
c

=
∑

ma<mb≤mc
ma=mb≤mc
mb≤ma<mc

1
m a
a m

b
b m

c
c

= ζ(a, b, c) + ζ(a, b+ c) + ζ(a+ b, c) + ζ(a+ b+ c) + ζ(b, a, c) + ζ(a+ b, c)

Long complicated expressions in general. . . , better ways in special cases?
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Determinant formulae
Assume k = (ki,j) satisfies ki,j = aj−i, i.e. constant diagonals:

a2 a3 a4 a5

a−1 a0 a1 a2 a3

a−2a−1 a0 a1

a−3a−2a−1a0

Write Tdiag(λ/µ) for the set of all such tableaux.

(Schur MZF is limit of ninth variation of skew Schur functions? C.f. Nakasuji,
Phuksuwan, 2016)

Theorem (Nakasuji, Phuksuwan, 2016)

For k ∈ Tdiag(λ/µ), λ′ the conjugate partition (transpose), size s.

ζ(k) = det(ζ(a−µ′
j+j−1, a−µ′

j+j−2, . . . , a−µ′
j+j−(λ′

i−µ
′
j−i+j))1≤i,j,≤s

With entry = 1 if λ′i − µ′j − i+ j = 0, and = 0 if λ′i − µ′j − i+ j < 0.
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Examples

Easier to understand this formula via examples

sees ↓ a−2 a0 a1 a3

ζ


a3

a0 a1 a2

a−2a−1 a0


sees ↑ a−2 a−1 a0 a2

= det


ζ(a−2) ζ(a0, a−1, a−2) ζ(a1, a0, a−1, a−2) ζ(a3, . . . , a−2)

1 ζ(a0, a−1) ζ(a1, . . . , a−1) ζ(a3, . . . , a−1)
0 ζ(a0) ζ(a1, a0) ζ(a3, . . . , a0)
0 0 1 ζ(a3, a2)


← ends a−2
← ends a−1
← ends a0
← ends a2

starts ↑ a−2 starts ↑ a0 starts ↑ a1 starts ↑ a3
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Graphs and paths

How to prove such formulae? Turn it into a question about path systems.

Directed, acyclic graph G = (V,E)

Edge weights w : E → Q

Path weights
Path P : A→ B has weight∏
e∈P w(e)

Weight A→ B is

w(A,B) =
∑

P : A→B
w(P )

E.g.

w(A,B) = 6︸︷︷︸
2·1·3

+ 24︸︷︷︸
1·2·4·3

+ 10︸︷︷︸
1·2·5

= 40

1 2

2

1

4

5

3

A

B
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Path systems

Let A = {A1, . . . , An}, B = {B1, . . . , Bn} be two sets of vertices, of size n.

Definition (Vertex-disjoint path system)

A vertex disjoint path system P : A → B is a collection of vertex disjoint paths

Pi : Ai → Bσ(i) , i = 1, . . . , n

with σ ∈ Sn. Write P = (P1, . . . , Pn).
Sign of is sgnP B sgn σ,

Weight of P is

w(P) =
n∏
j=1

w(Pi)
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Example of path system
With A = {A1, A2} and B = {B1, B2}, in

a
b c

d

A1 A2

B1 B2

Have two vertex-disjoint path systems.

w(P) = a · d
P = (A1 → B1, A2 → B2)
sgnP = 1

w(P) = b · c
P = (A1 → B2, A2 → B1)
sgnP = −1

Overall ∑
P : A→B

P = ad− bc .
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Lemma of Lindström-Gessel-Viennot

Lemma
For finite, weighted, acyclic, digraph, with vertex subsets A = {A1, . . . , An},
B = {B1, . . . , Bn}, it holds∑

P : A→B
sgnP · w(P) = det

(
w(Ai, Bj)

)
1≤i,j≤n

Example

a
b c

d

A1 A2

B1 B2

∑
P : A→B

sgnP · w(P) = ad− bc

= det
(
w(A1, B1) w(A1, B2)
w(A2, B1) w(A2, B2)

)

11 / 13



Idea of proof
Expand determinant via definition

det (w(Ai, Bj))
=
∑
σ∈Sn sgn(σ)

∏n
i=1w(Ai, Bσ(i))

=
∑
σ∈Sn sgn(σ)

∏n
i=1

∑
Pi : Ai→Bσ(i)

w(Pi)

=
∑
σ∈Sn sgn(σ)

∑
{w(P ) | P an n-path (A1, . . . , An)→ (Bσ(1), . . . , Bσ(n))}

=
∑
σ∈Sn sgn(σ)

∑
{w(P ) | P twisted n-path (A1, . . . , An)→ (B1, . . . , Bn)}

=
∑
σ∈Sn sgn(σ)

∑
{w(P ) | P non-intersecting twisted n-path (A1, . . . , An)→ (B1, . . . , Bn)}

+
∑
σ∈Sn sgn(σ)

∑
{w(P ) | P entangled twisted n-path (A1, . . . , An)→ (B1, . . . , Bn)}

=
∑
P : A→B sgnP · w(P)

+
∑
σ∈Sn sgn(σ)

∑
{w(P ) | P entangled twisted n-path (A1, . . . , An)→ (B1, . . . , Bn)}︸                                                                                                                      ︷︷                                                                                                                      ︸

?=0

To show entangled path combination vanishes, construct involution: take two
intersecting paths, and switch their tails. Then w(P1)w(P2) = w(P ′1)w(P ′2) but
sgn((P1, P2)) = − sgn((P ′1, P ′2)) as we get extra transposition of B vertices. 12 / 13



Applied to Schur MZV’s

1

2

3

...

M

a3 a2 a1 a0 a−1 a−2

A1 A2 A3 A4

B1 B2 B3 B4

ζ


a3

a0 a1 a2

a−2a−1 a0



Path Ai → Bj gives MZV’s from previous determinant. (Explains 0’s, and 1’s)

Path system is A1 → B1, . . . , A4 → B4, no permutation possible.

Gives Schur MZV as determinant, with all variables < M (truncated)

Take M →∞
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