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1. Introduction

Disclaimer: Term cluster polylogarithm is already a bit overused (various related ideas), and some-
how a bit vague in this talk

• Golden-Paulos-Spradlin-Volovich, particularly in the weight 4 case, define a cluster poly-
logarithm function. This ia f unction whose symbol involves only Cluster A-coords and
whose coproduct (coboundary) is a combination of Li2(xi) ∧ Li2(xj) and Li3(xi) ⊗ xj of
cluster X-coords.
• Drummon-Foster-Gürdoǧan, define cluster adjacent polylogs, where the symbol must sat-

isfy certain adjacency constraints: two A-coordinats can appar consecutively, only if they
can both appear in one cluster
• Goncharov-Rudenko, define in weight ≤ 4, cluster polylogarithm maps from a ‘cluster

complex’ to the Tate (polylog) Lie coalgebra.

It is the latter variant we are interested in, but we ant to focus on this setup from a more down
to earth point of view, with a slightly different spin.

Background: In 2018, Goncharov-Rudenko proved Zagier’s Polylog conjecture in weight 4.

[Roughly: Zagier conjectures that values of the Dedekind zeta function ζF (m) at m = 2, 3, 4, . . .
can be expressed in terms of weight m polylogarithms (single-valued), in a precise way. Dedekind
zeta is defined for a number field F , some field which is a finite dimensional vector space over Q,
as a generalisation of the Riemann zeta

ζF (m) =
∑
I 6=(0)

integral ideal

1

norm(I)m
.

(When F = Q, integral ideals correspond just to positive integers, and the norm is just the integer,
so we Riemann zeta.)

E.g.

ζQ(
√
5)(3) =

∞∑
n=0

1

n3

∑
d dividing n

( 5

d︸︷︷︸
±1 if 5 ≡ � mod d or not

)
?
=

24
√

5

125
ζ(3)

(
L 3

(1 +
√

5

2

)
−L 3

(1−
√

5

2

))
,

where L 3 is the a single-valued version of the trilogarithm,

L 3(z) = <
(

Li3(z)− Li2(z) log|z|−1

3
log(1− z) log2|z|

)
]
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Strategy for proof.

• Goncharov had already shown much earlier that a certain high depth/many variable MPL
(the Grassmannian polylogarithm) could express these values.
• Key step was to reduce this to Li4 (up to some allowed deviation).
• Key input was a fundamental new weight 4 functional relation Q4, which allowed them to

understand geometrically one of Herbert Gangl’s explicit computer discovered reductions.

Multiple polylogs: Recall the multiple polylogs and iterated integrals

Lik1,...,kr
(x1, . . . , xr) =

∑
0<n1<n2<...<nr

xn1
1 · · ·xnr

r

nk1
1 . . . nkr

r

Ik1,...,kr
(x1, . . . , xr) =

∫ 1

0

dt

t− x1

(dt
t

)k1−1
· · · dt

t− xr

(dt
t

)kr−1

Then Li and I are related by

Lik1,...,kr
(x1, . . . , xr) = Ik1,...,kr

( 1

x1 · · ·xr
,

1

x2 · · ·xr
, . . . ,

1

xr

)
Ik1,...,kr (x1, . . . , xr) = Lik1,...,kr

(x2
x1
,
x3
x2
, · · · , 1

xr

)
(As usual, k1 + · · ·+ kr is called the weight, and r the depth.)

2. Goncharov-Rudenko identities

Cluster Poisson coordinates on O(M0,n): Recall, M0,n parametrises n-tuples of distinct points
(x1, . . . , xn) in P1, modulo simultaneous PGL2-action. Regular functions Rn on this have vector
space basis

x[A] =
∏
i<j

(xi − xj)aij ,

where A = (aij)
n
i,j=1 runs over all symmetric integer matrices, with zeros on main diagonal, and

row sums 0. As an algebra, it is generated by cross-ratios

[xi, xj , xk, xl] =
(xi − xj)(xk − xl)
(xj − xk)(xl − xi)

(Note, slightly different normalisation that ‘usual’ cross ratio so [∞, 0, 1, x] = 1 − x, but this is
convenient later)

Poisson algebra structure on Rn, depending on cyclic ordering of points x1, . . . , xn. Label ver-
tices of regular n-gon by xi. To each complete triangulation, associate (n−3) Poisson coordinates.
To diagonal E = (i, k), let (i, j, k) and (k, l, i) be the (positively) oriented adjacent triangles.

i = 1

j = 2

3

k = 4

l = 5

6

1

2

1

2

4

5
6

1

2
3

Then assign

XE = −[xi, xj , xk, xl] .

Poisson bracket

{XE , XF } = εEFXEXF

where εEF = 0, 1,−1 if E and F are not next to each other, F follows E in clockwise order, E
follows F in clockwise order. (E and F must share a vertex in this case, the other determines the
order.)
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Introduce

[1, 2 · · · , 2k] = [x1, . . . , x2k] = (−1)k
(x1 − x2)(x3 − x4) · · · (x2n−1 − x2n)

(x2 − x3) · · · (x2n−2 − x2n−1)(x2n − x1)

the Casimir element in the centre of the Poisson algebra of M0,2n. Is very important for the sequel.
Notice that cyclically shifting inverts the Casimir.

Q3 and Q4. The Goncharov-Rudenko identities are in terms of motivic correlators, but I’ll write
a version for the usual iterated integrals.

Introduce notation

Cycεd f(a1, . . . , ad) =
1

d

∑
j (mod d)

εjf(aj+1, . . . , aj+d) .

Q2.

Cyc5 I2([1234]) = 0 (mod products)

Cyc5 I2

( 1
2

3

4
5

1
)

= 0 (mod products)

Q3.

Cyc6

(
I2,1([1234], [4561]) + I3([1245])− 2I3([1235])− 4

3
I3([123456])

)
= 0 (mod products)

(I think the coefficient is 0{1}3 = 0ζ(3)...)

Cyc6

(
I2,1

( 1
2

3

4
5

6

1

2

)
+ I3

( 1
2

3

4
5

6
1

)
− 2I3

( 1
2

3

4
5

6

1
)
− 4

3
I3

( 1
2

3

4
5

6
1

))
= 0 (mod products)

Q4.

: Cyc7

(
− I3,1([1234], [4671]) + I3,1([1234], [4571])− I3,1([1234], [4561])

+ I4([1246]) + 6I4([123456])
)

= 0 (mod products)

Cyc7

(
I3,1

(
− 1

23

4

5 6
7

1

2
+

1
23

4

5 6
7

1

2
− 1

23

4

5 6
7

1

2

)
+

I4

(
1

23

4

5 6
7

1 + 6I4

(
1

23

4

5 6
7

1

))
= 0 (mod products)

Goncharov-Rudenko also conjecture that an identities Q5, Q6, . . . exist, with some similar struc-
ture.

Our long-term goal is to find the right setup to explain Q3,Q4,Q5 (for which we have a candi-
date), and generate Qn in general.

Also want to use the generalisations in the same way Goncharov-Rudenko did, to establish new
non-trivial reduction identities on MPL’s, and make progress towards Zagier’s conjecture.

There are some obvious directions to try to generalise, Q5 should involve an 8-gon, with cyclic
symmetry, and the functions I4,1 and I5. Maybe more?
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Q3 and Q4 consequences:

• Goncharov-Rudenko say that Q3 is a new way to present the trilog story. For example
degenerating to D13 gives

2I2,1([1256], [1254]) + 2I2,1(1, [1456]) + 2I2,1(1, [4561]) = −2{1}3 + I3 (mod products)

Then degenerating to D12 give

2I2,1(1, [1456]) + 2I2,1(1, [4561]) = −2{1}3 + I3 (mod products)

Hence a single I2,1 is expressible in terms of I3.
Moreover, subbing I2,1 =

∑
I3’s back into Q3 gives the 22-term Li3 functional equation.

• We already know we can’t reduce I3,1 to I4, there is this obstruction in ∧2B2 However
degenerating Q4 still leads to many interesting identities.

Most of the work Goncharov-Rudenko do is to show

I3,1(x, y) + I3,1(x, 1− y), I3,1(x, y) + I3,1(x, y−1) =
∑

I4’s (mod products) .

(Requires clever specialisations, of Q4 followed by considering configurations of points with
a projective involution.)

Upshot: have reduction

I3,1(z,Li2 five-term) =
∑

Li4’s (mod products)

(This was already found by Gangl in 2012, by computer.)

3. Cluster functions

Depth 1/2: We want to give these identities some more structure already. The idea is already
present a little in GR. As a precursor to Q4 they write a particular combination of weight 4
integrals which has a nice structure, this is the map L1

4.
Let us introduce first a slight tweak of INa,b(x, y) = Ia,b(x, y

−1)

Definition 3.1 (Depth 1, and 2 cluster function). Define the cluster functions in depth 1 and 2
as follows

C(1)n (x1, x2, x3, x4) := Cyc
(−1)n−1

4 In([1, 2, 3, 4]), n ≥ 1

:= Cyc
(−1)n−1

4 In

( 12

3 4

1

)
, n ≥ 1

C(2)n (x1, . . . , x6) := Cyc
(−1)n−1

6

(
INn−1,1([1, 2, 3, 4], [1, 4, 5, 6])− 2(n− 1)

3
In([1, 2, 3, 4, 5, 6])

)
, n ≥ 2,

:= Cyc
(−1)n−1

6

(
INn−1,1

( 1
2

3

4
5

6

1

2
)− 2(n− 1)

3
In(

1
2

3

4
5

6
2 )

)
, n ≥ 2,

(Why that coefficient? It fits with the data above. . . Why the alternating sign, otherwise things
cancel trivially in certain weights.)
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Then Q3 and Q4 become

Cyc+6

(
C(2)3 (x1, . . . , x6) + C(1)3 (x1, x2, x4, x5)− 2C(1)3 (x1, x2, x3, x5)

)
= 0

Cyc+6

(
C(2)3

( 1
2

3

4
5

6

) + C(1)3

( 1
2

3

4
5

6

)
− 2C(1)3

( 1
2

3

4
5

6

))
= 0

Cyc+7

(
C(2)4 (x1, . . . , x6)− 1

3
C(1)4 (x1, x2, x4, x5)

)
= 0

Cyc+7

(
C(2)4

( 1
2

3

4
5

6

)
− 1

3
C(1)4

( 1
2

3

4
5

6

))
= 0 .

Maybe interesting is the following off-diagonal identity

Cyc−6

(
C(2)2 (x1, . . . , x6)− 2

3
C(1)2 (x1, x2, x3, x4)− 2

3
C(1)2 (x1, x2, x3, x5)

)
= 0

Cyc−6

(
C(2)2

( 1
2

3

4
5

6

)
− 2

3
C(1)2

( 1
2

3

4
5

6

)
− 2

3
C(1)2

( 1
2

3

4
5

6

))
= 0

Not one of the GR Qn identities. There weight 2 identity Q2 is just the five-term relation purely
via I2. This involves I1,1, and in fact gives us a way of reducing I1,1 to I2. (Same strategy as for
Q3, take D13 degeneration, and D12D13 to extract a single I1,1 term.)

In weight 5, there is no identity involvingC(1,2)5 , so we need something new. Depth 3?

Properties: (More-or-less vague)

• Function C(n)2 has a ‘good’ mod-products symbol, of the form ⊗(xi− xj), no more compli-
cated singularities in the integral. (In particular, the irreducible factor 1− [123456] cancels!
(See this by recursion.)
• Involves highest Casimir element into polylog, introduces ‘interesting’ new arguments
• Has a cyclic symmetry of order 2d+ 2, d = 2 depth.
• Satisfies nice combinatorial identities.

We want a depth 3 function with similar properties.

Depth 3: Introduce INa,b,c = Ia,b,c(a, (bc)
−1, b−1) (another slight tweak).

Definition 3.2 (Depth 3 cluster function (First approximation)). Define

C(3)n (x1, . . . , x8) = Cyc
(−1)n−1

8

[
INn−2,1,1([1, 2, 3, 4], [1, 4, 5, 8], [5, 6, 7, 8])

−INn−2,1,1([1, 2, 3, 4], [1, 4, 5, 6], [1, 6, 7, 8])

−INn−2,1,1([1, 2, 3, 4], [1, 4, 7, 8], [5, 6, 7, 4])

−2INn−2,2([1, 2, 3, 4], [1, 4, 5, 6, 7, 8])

−INn−1,1([1, 2, 5, 6], [3, 4, 5, 2])

−5(n− 1)(n− 2)

8
INn ([1, 2, 3, 4, 5, 6, 7, 8])

]
.
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C(3)n (x1, . . . , x8) = Cyc
(−1)n−1

8

[
INn−2,1,1( 1

23
4

5
6 7

8

1
2
3

)− INn−2,1,1( 1
23

4

5
6 7

8

1

2
3

)− INn−2,1,1( 1
23

4

5
6 7

8

1

2
3

)

−2INn−2,2( 1
23

4

5
6 7

8

1

2
)− INn−1,1( 1

23
4

5
6 7

8
1

2 )− 5(n− 1)(n− 2)

8
INn ( 1

23
4

5
6 7

8
1 )

]
.

This does satisfy all of the above properties. (First property is somewhat laborious, but just
compute the recursion).

Theorem 3.3 (Q5).

Cyc+8

(
C(3)5 (12345678)+3C(2)5 (123567)−6C(2)5 (123467)+6C(2)5 (123457)−1

2
C(1)5 (1357)

)
= 0 (mod products)

Cyc+8

(
C(3)5

(
1

23
4

5
6 7

8
1

)
+ 3C(2)5

(
1

23
4

5
6 7

8

)
− 6C(2)5

(
1

23
4

5
6 7

8

)

+6C(2)5

(
1

23
4

5
6 7

8

)
− 1

2
C(1)5

(
1

23
4

5
6 7

8

))
= 0 (mod products)

(In fact also for C3!)

Corollary 3.4 (Weight 5 depth reduction). Every weight 5 iterated integral can be reduced to I4,1
and I5. (Certainly conjectured from the motivic structure that depth 2 suffices, but the best bound
so far is depth 3.)

Sketch proof. (We need to know also some basic symmetries of IN3,1,1 like parity and reversal

modulo lower depth IN3,1,1(a, b, c) = IN3,1,1(a−1, b−1, c−1) = IN3,1,1(c, b, a).

Degenerating D135 − D12D135 – (single I3,1,1 term depends on x2, and can kill it and
leave the rest via D12) – gives

I3,1,1 = I3,2 +
∑

I4,1 +
∑

I5

•• Further degenerating this to D27 gives

I3,2 =
∑

I4,1 +
∑

I5

.
Moreover, the same strategy in weight 3 shows that I1,1,1 reduces to I1,2, I2,1, I3, and that I1,2

reduces to I3, really completing the trilog story! �

4. In progress:

Currently investigating higher depth cluster functions, trying to find a depth 4 candidate
Expect the functions and their relations to be important for establishing the combinatorial steps

for Zagier’s conjecture in higher weight (our motivation!). From Q5, are already trying to extract
the key identity reducing I4,1 of dilog/trilog functional equations to I5.
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5. Extras

Weight 4 depth 3: Have as weight 4 depth 3 identity:

Cyc−8

(
C(3)4 (12345678)− 3

2
C(2)4 (123467) + 3C(2)4 (123457)

+
1

2
C(2)4 (123456)− 1

2
C(1)4 (1246)− 1

2
C(1)4 (1247)− 1

2
C(1)4 (1257)

)
= 0 (mod products)

Cyc−8

(
C(3)4

(
1

23
4

5
6 7

8
1

)
− 3

2
C(2)4

(
1

23
4

5
6 7

8

)
+ 3C(2)4

(
1

23
4

5
6 7

8

)

+
1

2
C(2)4

(
1

23
4

5
6 7

8

)
− 1

2
C(1)4

(
1

23
4

5
6 7

8

)
− 1

2
C(1)4

(
1

23
4

5
6 7

8

)
− 1

2
C(1)4

(
1

23
4

5
6 7

8

))
= 0 (mod products)

Hence can reduce I2,1,1 to I2,2 and I3,1, thence I2,2 to I3,1, with similar strategy.

Q6 identity.

Cyc+9

(
C(3)6 (12345678) +

3

4
C(2)6 (123468)− 3

4
C(2)6 (123568)

+
3

4
C(2)6 (123578)− 1

4
C(2)6 (124578)

)
= 0 (mod products)

Cyc+9

(
C(3)6

(
1

23
4

5

6
7 8

9
1

)
+

3

4
C(2)6

(
1

23
4

5

6
7 8

9

)
− 3

4
C(2)6

(
1

23
4

5

6
7 8

9

)

+
3

4
C(2)6

(
1

23
4

5

6
7 8

9

)
− 1

4
C(2)6

(
1

23
4

5

6
7 8

9

))
= 0 (mod products)
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