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Riemann zeta function

Riemann zeta function is

il 1+1+1+1+
ne 35 4s

m Converges for Re(s) > 1
m ((1) is harmonic series, which diverges

The values of ((s) at positive integers are interesting number-theoretically
m((2) = %2, C4) = %, ¢(6) = 97%, ..., are irrational and transcendental
m ((3) = 1.202056903159...7 Any idea?
m ((3)/m = 0.038768179602...7 Doesn't “look” rational, but unknown!
m Apéry showed ((3) is irrational in 1978
m ((5) = 1.036927755143 . . ., conjecturally irrational, but unknown!



Note: nothing about the Riemann hypothesis here

Remark

One can extend (analytically continue) to ((s) to all s € C. By rearranging

1 & n n—s
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n=1

now converges for Re(s) > 0. (And similarly, for Re(s) > —k.)

Analytic number theory: distribution of primes is connected to where ((s) = 0.
Riemann hypothesis: non-trivial solutions ((s) = 0 only at Re(s) = 37

For this project: we are interested in values ((2),((3),((4),..., and not {(3 + it).



Multiple variable version

Difficult to understand ((k) by itself. Let's introduce a generalisation:

Definition (Multiple zeta value = MZV)

Multiple zeta value is

1
C(kl,...,kd) = Z m,

ny>ng > >ng nyng™ - d
with k1, ..., kg positive integers, k1 > 1.

Why is this sensible? We have
o o 1
b pu—
(et =Y 3 —

n=1m=1

(T3 T )

n>m n=m m>n

= ((a,b) + ¢(a+b) + ((b,a).

There is now structure which can be investigated and studied (stuffle product) s




Lots of structure

Looking at MZV'’s with k1 + - -+ + kg = 10, a priori have 28 = 256 different values
including

8 repetitions
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Claim

Each of the 256 values expressible via only 7 particular values (w/ rational coefficients)

(7,3), <¢(2)¢(5,3), <B3)C(T), <¢(B)% ¢(2)CB)(B), <(2%B)? ¢(2)°.
For example

816

C(5,2) = —24(7,3) + 20B)6) + 20(6) — ().

Conclusion: MZV's should satisfy lots of relations (see [2], poster of MZV relations)



Examples of relations

¢(2,1) = ¢(3) and more generally:
¢(2,1,...,1) =¢(n), and > ¢k, ... ka) =¢(n).
S —

n — 2 repetitions ki+-+kg=n,kg>1

m At least 32 proofs of ((2,1) = ((3) via these or other generalisations (see [6])

Example (connection to so-called )

28¢(9,3) + 150((7,5) + 168((5,7) = %%%Zg(12)

Example (original proof analytic [4], later combinatorial [3
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Origin of relations

One can write MZV's as integrals
k1—1 ka—1

e N
C(ky, ko) = / % o dtg, -1 dty, dtg, 41 o Aty 4ho—1  dliytky
' 1>t1>'“>tk1+k2 >0 tl tkl—l 1- tkl 1- tk1+1 tk1+k2—1 1- tk1+k2

B Term-by-term integration of geometric series
m Leads to a second multiplication structure (shuffle product)

dtl dtg d81 d82
o=/ S T
1>11>t>0 J1>s1>8050 f1 1 —t2 51 1— 52
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-4, # |
1>r>ro>ra>rg>0 T1 T2 1 =73 1—4 4 1>r>ro>ra>ry T1 L —r2 13 1=y
—4C(3,1) + 2((2,2)
Series multiplication gives ((2){(2 ) 2¢(2,2) +¢(4)

7T

Conclusion: ¢(3,1) = 1¢(4) = 360



Expectations on MZV relations

Conjecture (Extended double shuffle relations)
All relations on MZV's are generated by:
series (stuffle) multiplication = integral (shuffle) multiplication (%)

Note: One needs to allows (1) via some ‘regularisation’ process, to get ((2,1)
Consequences

m All terms in an MZV relation have the same weight (sum of arguments)

m No relations of different weight

m In particular: {(5) is irrational (as ((0) := 1)

RENEILS

This does not mean MZV relations are easy to prove. Typically () does not have nice
structure. So hard to combine into nice relations.



Questions (1)

Consider small variant with > instead of >

Definition (Multiple zeta star value)

1

C*(k}l,...,kd) = Z ﬁ
n1>ng > >ng nyt--ong
Then [1, Remark 4.5]
¢"(2,1,3,1,...,3, 1)+ ¢*(3,1,...,3,1,3) = (4_ W)C(4n+3)

Proof invoked hypergeometric functions and creative telescoping (i.e. computer divined
solution which works just because). Unsatisfactory.

Question

m How to prove combinatorially or analytically?
m Arises from some (extensions) of known relations (cyclic sum theorem, perhaps)?



Questions (I1), more ambitious

It is known that

n times n times
¢*(3,1,...,3,1) e a™"Q, ¢*(3,1,...,3,1,2) e 7"2Q

Combinatorial proofs by Muneta, and by others.
It seems that )
¢*({2,1,2,1,1,1}",2,1,1) € 75" Q. (%)
~———

denotes n repetitions

Question

B Are there any other similar examples?
m How to approach () combinatorially?
m How to approach (x) analytically?

Note: We have a conjecture (x) = Taylor coefficients of product of 7 trig functions

One can show using motivic theory, thate 78" 1t4Q abstractly
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